In this paper, a numerical simulation is presented that shows active and passive vibration confinement of a pinned-pinned beam. The beam is divided into three regions: an isolated, a transition, and a localized region. Two dynamic vibration absorbers are used in conjunction with two pairs of piezoelectric transducers with a feedback law to reduce the displacement amplitudes in the isolated region and to confine the vibrations to the localized region. The development of an eigenvector shaping technique is also shown. This technique shapes the eigenvectors of the uncontrolled beam to confine vibrations to the localized region.
any type of real practical implementation of active confinement, the control actuators and sensors must be small, reliable and easily attached to the structure. In addition, the actuators and sensors should be imbedded (or inherent) to the structure, and not attached to ground.
In an actual structural application, a combination of both active and passive control techniques could be used to give the best control of a structure. The passive control technique will help reduce the number of active actuators needed for control and help reduce the required power for each actuator. Therefore, the combination of active and passive vibration confinement will reduce the power requirements for the system and the total cost of implementation.
In this paper, a numerical simulation of a practical active and passive vibration confinement technique for a continuous pinned-pinned beam is investigated. The beam is divided into three regions: an isolated, a transition, and a localized region. The goal of the vibration confinement technique is to confine the beam's vibration to the localized region and to minimize the displacement amplitudes in the isolated region. First, two dynamic vibration absorbers are added to the pinned-pinned beam to confine the vibrations of the beam.
The stiffness of the dynamic vibration absorbers is determined by an eigenvector shaping method. Second, two pairs of piezoelectric actuators and sensors in conjunction with a feedback law are used to enhance the vibration confinement of the beam. The gains for the feedback law are determined by the same eigenvector shaping method used to determine the stiffness of the vibration absorbers. By using the piezoelectric transducers and the dynamic vibration absorbers, the vibration confinement phenomena will be induced in the pinned-pinned continuous beam.
In section 2, the system model and the eigenvector shaping technique are developed. In section 3, the numerical simulation results are presented and discussed. Finally, in section 4 some general conclusions are made.
NUMERICAL MODEL AND EIGENVECTOR SHAPING
A finite element numerical simulation of the pinned-pinned beam system is used to determine the best stiffness constants of the vibration absorbers and to determine the feedback gains of the piezoelectric actuators. The system modeled is a one-dimensional, uniform, homogeneous 36"χ2"χ1/8" flexible aluminum beam that is pinned at both ends, as shown in Figure 1 . Two dynamic vibration absorbers of the cantilever 
Finite element model
The pinned-pinned beam is divided into 26 finite elements separated by nodes. It is assumed that the transverse displacement and the slope across each element can be represented by a third order polynomial with four constants. The mass and stiffiiess matrices for the beam elements can be derived by using the generalized form of Hamilton's principle and a finite element technique /16-19/. The governing equations for this continuous system can be written as an n+p degree of freedom system:
where η is twice the number of nodes in the system, ρ is the number of dynamic vibration absorbers, u con (t) is an m vector of applied voltages to the piezoelectric actuators where m is the number of actuators, v(t) is an r vector of generated voltages from the piezoelectric sensors where r is the number of sensors, and f ext (t)is an n+p vector of applied external forces and moments to each of the nodes on the beam and external forces on the dynamic vibration absorbers. V(t) is an n+p vector that contains the generalized coordinates of the system which correspond to the displacement (w) and the slope (Θ) at each node of the beam and the displacements (wl and w2) of the dynamic vibration absorbers. The (η + ρ) χ (n + p) mass matrix is the combination of the mass matrix of the beam, actuators, sensors, and the diagonal mass matrix of the ρ absorbers:
where b, a, s, and dva denote the beam, actuator, sensor, and dynamic vibration absorber, respectively. The (η + ρ) χ (n + p) stiffness matrix is the combination of the stiffness matrix of the beam, actuators, sensors, and the stiffness matrix of the ρ absorbers:
where K dva couples the stiffness of the dynamic vibration absorbers with the stiffness of the beam. The (n + p)xm F con input matrix transfers the applied voltage to the piezoelectric actuators to a moment applied to the beam. The mxmCap matrix is a matrix of capacitance. The (n + p)x(n + p) F ext matrix is derived such that the external forces and moments occur at the corresponding nodes. The interested reader will find excellent detailed derivations and definitions of the above matrices in Hagood (1990) and Clark (1998) . (5) where χ = [xl χ2] τ , f ext = w and the matrices A, B, and L are the system, control, and disturbance matrices, respectively, and are defined as:
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The output matrix C can be defined such that the output is the transverse displacement at each node, the slope at each node, the transverse displacement at each dynamic vibration absorber, the voltage generated by the sensors, or the combination of the four.
Eigenvector shaping
The objective of this work is to confine the beam's vibrations to the localized region. This will be done by reshaping the structural eigenvectors such that the isolated region has smaller displacement amplitudes than The reshaped structural eigenvectors must be continuous. Therefore, the function used to determine the shaping factors should also be continuous. One such function can be found by using the Probability Density dmax, μ and σ can be selected to choose the size and location of the isolated region. Also, wise selection of dmax, μ and σ will ensure that the projection of the desired eigenvectors onto the available eigenspace will be at a maximum.
For this simulation, the eigenvectors corresponding to the first two modes were shaped. The shaping matrix "Δ" was chosen to minimize the transverse deflections in the isolated region (nodes 1-9) and confine the vibrations to the localized region. The equation used in this simulation to determine the shaping factors
where
dmax, μ, and σ were adjusted to give the best vibration confinement. The values used in this study are listed in Table 1 . The shaping factors for the slopes at each node and for the dynamic vibration absorbers were set to unity. Use of the Probability Density Function is a convenient way of calculating the shape factors, but any other continuous function with this general shape can be used. 
Dynamic vibration absorber spring constants
The passive vibration confinement control technique will be investigated first; therefore, the Β matrix in Eq. 5 is set to zero. The effective mass for the vibration absorbers is chosen such that they do not add an appreciable amount of mass to the system. This ensures that the pinned-pinned beam will not deform under the weight of the dynamic vibration absorbers. For this simulation, the effective mass of the vibration absorbers is chosen to be 100 grams. Since the effective mass of the absorbers is fixed, the spring constants of the vibration absorbers must be determined such that the desired mode shapes are achieved. Rearranging Eq 5. and Eq. 6: xl x2
[0]
The B dva matrix can be divided into:
where Λ is a ρ χ ρ diagonal matrix of dynamic vibration absorber spring constants and:
where Ρ is a (n + p)xp matrix of ones and zeros arranged such that K dva = ΡΛΡ Τ , where: 
Therefore Eq. 10 becomes:
The stiffness design process requires the solution of the stiffness matrix, Λ, that will produce the desired eigenstructure shown in Eq. 7. This is a well-known eigenstructure placement problem /9, 21-24/. Assuming a sinusoidal response, the solution to the homogeneous case is: 
Singular value decomposition
Singular Value Decomposition of a 2n χ (2n + p) matrix [Q] will produce /9,25/:
The (2n + ρ) χ ρ sub-matrix Z 2 spans the kernel of [Q] such that:
Since Eq. 17 and Eq. 19 have the same form, singular value decomposition can be used to find Ω 1 and then the stiffness matrix A.
Determination of Dynamic Vibration Absorber Stiffness Constants
Because there are only two dynamic vibration absorbers (p=2), only two eigenvectors can be placed. The two lowest modes are the eigenvectors to be shaped in this study. Performing the singular value decomposition of (A new -τβ^Ι Sp), i = 1 and 2, produces: 
Only the diagonal of the above calculation is used because in this paper no coupling between the dynamic vibration absorbers is used.
Output feedback control law and gain matrix determination
Once the dynamic vibration absorber stiffness constants are determined, the active and passive vibration control technique can be investigated. The control inputs in this system will depend only on the measured outputs. The outputs of the piezoelectric sensors are fed into amplifiers, which are then sent to the piezoelectric actuators. In state space form: The control design process requires the solution of the gain matrix, G, that will produce the desired eigenstructure shown in Eq. 7. This is the same eigenstructure placement problem as Eq. 14 in Section 2.3; therefore, by following the same approach as before, with SP replaced with Β and AQA^ replaced with
GCA^Öid the homogeneous equation is:
Because there are only two actuators (m=2), only two eigenvectors can be placed. The two lowest modes are the eigenvectors to be shaped in this study. Performing the singular value decomposition of (A -®0i d I B), i = 1 and 2, and calculating a by the method presented in Section 2.5, Ω 1 can be determined.
Once all the Ω 1 's are calculated, the gain matrix is determined by:
The two piezoelectric actuators were placed to approximately cover finite elements 5, 6, 7 and 9, 10, 11 on the beam. The two piezoelectric sensors were placed to cover finite elements 6 and 10. The locations of the piezoelectric transducers were found to give the best vibration confinement without any passive controls.
The dynamic vibration absorbers were placed at nodes 5 and 7. The locations of the dynamic vibration absorbers were found to give the best vibration confinement without any active controls. During the eigenvector shaping technique, it was assumed that the eigenvalues of the controlled system would be the same as the uncontrolled system. Table 2 shows that the eigenvalues of the system did shift while applying controls to the system. This is an effect of the approximate inverse of Eq. 23. If the eigenvalues of the system are not important, then they can be used as additional degrees of freedom for choosing the optimal desired eigenvectors. From Figure 6 , the achieved controlled eigenvectors are different from the desired eigenvectors. This will occur when the number of actuators is much less then the number of degrees of freedom in the system. As the number of actuators increases, more of the desired eigenvector will be projected onto the available eigenspace of the system. Also from Figure 6 , modes 3 and 4 are affected by the vibration shaping technique.
This "eigenvector shaping spillover" is a benefit that affects at least the first 8 modes.
To get an indication of the power consumed during both of the active control cases, the root-mean-square (Vrms) of each control signal was calculated over the duration of the simulation. These Vrms values are listed in Table 3 for each forcing signal. It is seen from Figures 3-5 that the vibration confinement in the active controls only case and the active and passive control case are approximately the same. Also, Figure 6 shows that the first four mode shapes for both of these cases are approximately the same.
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CONCLUSIONS
In this paper active, passive, and the combination of active and passive vibration confinement techniques for a pinned-pinned beam were investigated. It can be concluded that the active and passive control technique reduced the required control signals to confine vibrations to the localized region. Not only does this controls technique reduce the amount of power required to confine vibrations in this system, it also reduces the control signals to within the voltage limits of the piezoelectric actuators, therefore, making vibration confinement using piezoelectric transducers a viable method.
